We compute instanton corrections to non-minimal correlation functions of chiral primary operators in the N = 4 super Yang-Mills super-current multiplet. Using a representation in terms of Mellin integrals, we find that these corrections can be written as conformal integrals in AdS 5 times certain "kinematic" prefactors that are independent of the instanton moduli. We then consider the consecutive, pairwise light-like limit x 2 i,i+1 → 0 of such correlators, and prove that the ratio between the instanton contribution and the corresponding tree-level expression vanishes in this limit. We also speculate on the extension to the non-perturbative level of the proposed duality with polygonal Wilson loops and briefly discuss its potential implications for scattering amplitudes.
Introduction and motivations
The holographic correspondence between N = 4 super Yang-Mills (SYM) in four dimensions and Type IIB superstrings on AdS 5 × S 5 has passed many tests and brought unprecedented progress in our understanding of conformal field theories (CFT's) in D = 4, and of the dynamics of strings and gravity. In the planar limit, both sides of the correspondence seem to be integrable, thus allowing for a systematic analysis of the spectrum of anomalous dimensions, dual to masses of string states in AdS, that together with the operator product expansion (OPE) coefficients represent the basic observables of any CFT.
Other observables have received increasing attention in the literature thanks to their rather surprising interconnections. In particular, a certain class of scattering amplitudes, known as Maximally Helicity Violating (MHV), has been shown to be related to the expectation value of polygonal, light-like Wilson loops [1] [2] [3] . More recently an intriguing relation between correlation functions in a particular light-like limit and light-like Wilson loops (in the adjoint representation) has been proposed [4, 5] , which then leads to a triality between scattering amplitudes, Wilson loops and correlation functions. This triality has been further extended to full superamplitudes in N = 4 SYM by considering super Wilson loops and super correlation functions [6] [7] [8] [9] .
It is well known that correlation functions in N = 4 SYM receive non-perturbative, instanton corrections [10, 12] , which are the counterpart of D-instanton corrections to higher-derivative terms in the type IIB superstring effective action [13, 14] . With this in mind, it is natural to wonder whether light-like Wilson loops and scattering amplitudes may receive instanton corrections as well. In this paper we will show that at leading order in g 2 YM , instanton contributions to correlation functions vanish in the appropriate light-like limit, after dividing by the corresponding tree-level correlator. Here the relevant limit in question is the one which in perturbation theory leads to the duality with lightlike polygonal Wilson loops. In [4] a perturbative proof of this duality was presented that does not rely on taking the large-N limit. Our result and the proof of [4] make it plausible that the correlation function/Wilson loop duality holds non-perturbatively, and imply that instanton corrections to light-like Wilson loops are absent at leading order in g 2 YM . 1 This result is perhaps not unexpected since it is known that Konishi-like operators do not receive instanton corrections to their anomalous dimension, at least at leading order in g 2 YM , and the same should hold for higher-spin operators associated to string states and their Kaluza-Klein (KK) excitations, which decouple from supergravity at strong coupling (large AdS radius). We also note that an indication of instanton contributions to scattering amplitudes would be the presence of instanton corrections to the cusp anomalous dimension -a quantity that controls the ultraviolet divergences of cusped Wilson loops and the infrared divergences of amplitudes [16] [17] [18] . In the planar limit and at strong coupling, it is known that there are non-perturbative corrections to the cusp anomalous dimension [15] , which however should admit a completely different explanation, as evident from their scaling with λ 1/4 e − √ λ/2 , with λ := g 2 YM N, rather than e −8π 2 /g 2 YM . For completeness, we mention that the class of operators that are known to receive instanton corrections to their anomalous dimension consists of the non-protected multi-trace operators that appear in the OPE of CPO's and their super-descendents.
Of course, an alternative and more direct way to prove the absence/presence of nonperturbative corrections to amplitudes would consist in applying the LSZ reduction to correlation functions of fundamental fields evaluated in an instanton background. Focusing for instance on MHV amplitudes, it is easy to see that, to lowest order, the instanton contribution to the corresponding correlation functions vanishes since the exact fermionic zero-modes around the instanton cannot be absorbed. We will sketch the strategy of this alternative approach in Section 7.2, postponing a more thorough analysis, in particular of potential subtle infrared singularities, to [19] . It is however interesting to point out that such subtleties are absent in the case of amplitudes in (non conformal) theories with lower supersymmetry. A case in point is that of N = 2 SYM [20] , where instanton corrections to the pre-potential in the Coulomb branch can be related to scattering amplitudes of gaugini [21] , which therefore receive non-vanishing instanton contributions.
In this paper we will only consider N = 4 SYM at the superconformal point, located at the origin of the Coulomb branch, and study instanton contributions to correlation functions of protected operators, following the original analysis of [10, 12] and [22, 23] . We will perform most of the computations for SU(2) gauge group, where inter alia all fermionic zero-modes are "geometric" and the scalar propagator in the instanton background drastically simplifies. We will then discuss the modifications for N > 2, in particular for large N, where they acquire a particularly simple and elegant form. We note that a reason to consider the large-N limit is related to the fact that the correlator/amplitude duality should only hold in the planar limit. The large-N limit of our non-perturbative results can then be used to test the validity of this duality after the inclusion of instanton effects. Concretely, we will consider two classes of correlation functions: 1. The "minimal" correlation functions, where the operator insertions precisely saturate all the 16 geometric fermionic zero-modes, i.e. 8 supersymmetric and 8 superconformal zero-modes. Two notable instances are the four-point correlation function of (lowest) conformal dimension ∆ = 2 CPO's in the 20 ′ representation of the SU(4) R-symmetry group, and the 16-point correlation function of spin-1/2 fermionic composite operators with dimension ∆ = 7/2 in the 4 representation of SU (4) . In the following we will need a particular component of the former, namely G 4 (x 1 , . . . , x 4 ) = Tr(Z 2 )(x 1 )Tr(Z 2 )(x 2 )Tr(Z 2 )(x 3 )Tr(Z 2 )(x 4 ) .
(1.1)
2.
A second, larger class comprises the "non-minimal" correlation functions, where one can either absorb non-geometric zero-modes (which are present for N > 2) with some of the insertions, or Wick-contract some of the insertions using the appropriate propagator in the instanton background. In the following we will consider non-minimal correlation functions of lowest CPO's, specifically 2 G 2n−1 = Tr(XZ)Tr(Z 2 ) · · · Tr(Z 2 )Tr(Z 2 )Tr(ZX) , (1.2) and
with n ≥ 3. Correlation functions of higher CPO's, dual to KK excitations of supergravity and their super-descendants, have been considered in [22] , but we will not delve into these since they are not relevant for our present purposes.
As we mentioned earlier, we will begin by working with gauge group SU(2) and instanton number k = 1. In this simple case, no extra fermionic zero-modes are present in addition to the 16 geometric zero-modes. Then each elementary scalar field (be it Z,Z, X orX) can either absorb two fermionic zero-modes or contract with its conjugate at a different insertion point. In fact, since we are eventually interested in the pairwise lightlike limit x 2 i,i+1 → 0, we will only consider contractions of fields at consecutive insertion points. In this limit the dominant contribution at tree level is
and G dom,tree 2n = Tr(Z 2 )Tr(Z 2 ) · · · Tr(Z 2 )Tr(
We will see momentarily that the scalar propagator in the one-instanton background produces the same dominant contribution in the light-like limit as the free scalar propagator. On the other hand, the "uncontracted" scalars, i.e. those that are chosen to absorb the 16 fermionic zero-modes, do not produce the same kind of singularity. Actually, before integration over collective coordinates, the opposite is true -"uncontracted" scalars tend to produce zeros due to fermionic zero-mode repulsion, which is for instance at the heart of the vanishing of non-perturbative corrections to the anomalous dimension of the lowest Konishi operator and its super-descendants [24] .
Next, we note that in order to expose the singularity structure of the correlation functions, it is very convenient to transform to Mellin space. In particular we will observe that corrections to the free scalar propagator due to instantons can be expressed in terms of bulk-to-boundary propagators K ∆ (x; z) with ∆ = 1, and derivatives of the logarithm of bulk-to-boundary propagators (which may be further recast into derivatives of the bulkto-boundary propagator K ∆ (x; z) with ∆ = ǫ → 0). We will see that even prior to taking the consecutive light-like limit, the instanton contributions to correlation functions can be decomposed in terms of conformally invariant integrals that are naturally associated to contact interactions in AdS. We will show that in the consecutive light-like limit, and for N = 2 and k = 1,
In view of our earlier discussion, this should be taken as circumstantial evidence for the vanishing of instanton corrections to the light-like polygonal Wilson loop -at least at leading order in g YM -and, going one step further, to MHV amplitudes. We will also describe how to generalise our results to any N and to generic k in the large-N limit. 3 Before concluding this introduction we would like to make a comment on the precise large-N limit we are considering. It is often argued that instanton corrections vanish in the 't Hooft limit whereby g 2 YM → 0 and N → ∞ while the 't Hooft coupling λ = g 2 YM N is kept fixed. This occurs because such corrections are proportional to e −8π 2 /g 2 YM = e −8π 2 N/λ , which vanishes as N → ∞. We stress that our limit is different from the 't Hooft limit as we keep g YM small but fixed, so that e −8π 2 /g 2 YM is non-vanishing but exponentially suppressed compared to perturbation theory. This is the limit which is appropriate to match instanton corrections in N = 4 SYM with D-instanton corrections in type IIB string theory as it was done in [10, 12] .
The plan of the paper is as follows. In Section 2 we perform a careful analysis of the scalar propagator in the one-instanton background for SU(2) gauge group. This will prove crucial for our subsequent analysis. In Section 3 we reanalyse the four-point function of lowest CPO's and show that the ratio of the one-instanton contribution to the tree-level correlator vanishes in the pairwise consecutive light-like limit. We then move on to generalise this result to five points in Section 4, and to an arbitrary number of points in Section 5. In Section 6 we address the issue of (multi)-instanton contributions for SU(N) gauge group and then discuss the large-N limit. Section 7 contains a discussion of several important aspects, including the possible extension of the duality with Wilson loops beyond perturbation theory, and the role of possible higher-order corrections to our results. Finally, in Section 8 we summarise our findings and present our conclusions.
Scalar propagator in a one-instanton background
Our analysis focusses mostly on the non-minimal correlation functions, and a crucial ingredient for this is the scalar propagator in the one-instanton background. In this section we will carefully analyse its structure, specifically for gauge group SU(2). Our notation and some useful background on instantons are collected in Appendix A and B.
The scalar propagator in an instanton background has been worked out in [25] (see also [22] ). For SU(2) gauge group and instanton number k = 1 its expression is given by the remarkably simple and compact formula
where x = x µ σ µ and similarly for x 0 and q, with q 2 = ρ 2 . From this definition we find,
where η a µν is the 't Hooft symbol [26] . We have expressed A and B in several suggestive forms for later use. Combining the various terms, one obtains
Using these expressions for A and B, the propagator can be written as a sum of different contributions,
where we have singled out the free propagator. As we will see shortly, the remaining terms G (0) , G (1) and G (2) admit an interesting interpretation in terms of bulk-to-boundary propagators (or derivatives thereof) in AdS space. We now look in greater detail at the different terms.
From the A 2 − B 2 term in (2.5), we produce the free propagator as well as
where we have defined
which is precisely a bulk-to-boundary propagator of a scalar with conformal dimension ∆ = 1. 4 Here x = (0, x µ ) and z = (ρ, x µ 0 ) label points on the boundary and the bulk of AdS 5 , respectively. Hence, we see that G (0) ab (x, y) is a product of bulk-to-boundary propagators in AdS 5 .
Moving to the other terms, a particular piece of the term −2iǫ abc B c A gives the contribution
which is a sum of logarithms of bulk-to-boundary propagators with differential operators acting on the boundary points. Formally, we can write
In this sense, ∂ x µ log K 1 (x; z) is the derivative of a "putative" bulk-to-boundary propagator with zero conformal dimension. A propagator with zero conformal dimension is of course ill-defined, but the differential operator makes it well-defined.
Finally, from the term 2(δ ab B 2 − B a B b ) and the remaining part of −2iǫ abc B c A, one obtains
In the last step we have again written the result in terms of bulk-to-boundary propagators with zero conformal dimension.
Hence we conclude that the scalar propagator in a one-instanton background can be written as a sum of various contributions, which have the form of (derivatives of) bulkto-boundary propagators in AdS 5 -schematically,
Later on we will see that, with this decomposition of the propagator at hand, the whole correlation function is in fact closely related to certain Witten diagrams in AdS space. 4 Note that our definition (2.8) differs from the standard bulk-to-boundary propagator by a normalisation factor
2 and d is the number of dimensions. With this standard normalisation the bulk-to-boundary propagator would be ill-defined for ∆ = 1 in d = 4.
More specifically, the instanton moduli ρ and x 0 will only appear through the combination
which is of course the bulk-to-boundary propagator in AdS 5 introduced earlier. Hence a generic correlation function of lowest CPO's is just a sum of contact terms in AdS space, which is given by gluing all the bulk-to-boundary propagators at one single integration point in the bulk, possibly with some derivative acting on the boundary points. We also note that, from recent works on the Mellin integral representation of Witten diagrams [27] [28] [29] [30] , a contact term in AdS space is in fact the simplest Witten diagram. In Mellin space, the result of such Witten diagram is given by the compact expression
where α i,i = 0, and the off-diagonal α i,j 's are symmetric, and subject to the constraints
A more detailed presentation of Mellin integrals, including the definition on the integration contour and the integration measure [dα], can be found in Appendix C.
Four-point correlation function
We start by considering the simplest, non-trivial correlation function which receives oneinstanton corrections, namely the four-point correlation function of lowest CPO's,
This correlation function was first studied in [10] at weak coupling for gauge group SU(2) and at strong coupling using AdS/CFT. 5 We will briefly review this calculation here and reformulate the result in Mellin space. The Mellin representation is very convenient to study consecutive light-like limit of the correlator (divided by its tree level counterpart) as we will show here for the four-point case and later for higher-point correlators. 6 In the semiclassical approximation, the result of the correlation function in the background of an instanton is obtained by simply replacing each scalar field by the following expressions: 
Here η andξ denote two constant spinors of opposite chirality, A = 1, . . . , 4 denotes an SU(4) R-symmetry index and x := x µ σ µ . In this decomposition η and xξ are the parameters of supersymmetry and superconformal transformations, respectively. The expressions (3.2) arise from Wick-contracting a scalar field inside an operator with a scalar field from one insertion of the Yukawa action. To leading order, the fermions are replaced by their zero-mode expansion, which leads to the appearance of the supersymmetric and superconformal zero-modes in (3.2).
The result for G 1−inst 4 (x i ) is then 8
where we have used
This result can be simplified considerably by noting that
thus arriving at
As observed in [10] , (3.8) admits an intriguing re-interpretation as a Witten diagram in AdS 5 with four bulk-to-boundary AdS propagators connecting four boundary points x i 's to a common bulk point z = (ρ, x µ 0 ), which is then integrated over with the standard, conformally invariant AdS 5 measure AdS 5 := dρd 4 x 0 ρ 5 ,
Inspired by recent applications of Mellin integrals to the study of correlation functions in conformal theories, we can recast (3.9) in Mellin space. As we will see, this is particularly useful for studying light-like limits. We can then re-express the correlation function as a simple, two-fold Mellin-Barnes-type contour integral 9 ,
10)
7 In the following we will often refer to f (x) as the "instanton profile". Note f (x) is precisely the bulk-to-boundary propagator with conformal dimension two, K 2 (x; z). 8 We have dropped numerical factors as well as an overall factor of where the integration variables α i,j are constrained by
In our particular case all the conformal dimensions are 10 ∆ i = 4. We will refer to the right-hand side of (3.10) as a Mellin integral. The Mellin integral in (3.10) can also be understood as a product of differential operators i<j ∂ x 2 i,j acting on the same Mellin integral but with different conformal dimensions, ∆ ′ i = 1. The Mellin integral with ∆ ′ i = 1 is nothing but the Mellin representation of a four-mass box integral in four dimensions [31] . This observation was used in [10] to obtain a closed analytic expression for the instanton correlator.
We also note that another advantage of the Mellin integral representation is to make the OPE manifest. More precisely, poles of the integrand of the Mellin integrals correspond to operators which can appear in the OPE [28] . The result of the one-instanton correction to the four-point correlation function shows that all poles come from the Γ(α i,j ) functions. In the OPE language, this means that only double-trace "quasi-protected" operators, dual to multi-particle supergravity states, are exchanged in the intermediate channels. Konishi and Konishi-like operators, dual to genuine string excitations in AdS, do not appear in this case. This is consistent with the OPE analysis of the correlation function G 1−inst 4 (x i ) performed in [24] .
Next, we turn to considering the light-like limit of (3.9). A major advantage of the Mellin representation is that we can take the limit directly on the integrand of the Mellin integral prior to performing the α i,j -integrations. Thanks to the constraints (3.11) one can solve for four of the six α i,j 's in terms of the other two. One possibility is to express everything in terms of α 3,4 and α 1,4 ,
(3.12)
Taking into account these relations, (3.10) becomes
where we have introduced the conformal cross-ratios
Since we are interested in the consecutive light-like limit, namely x 2 i,i+1 → 0 or u, v → 0, we have to close the integration contour in the α variables at Re(α i,j ) → −∞. To leading order in u and v we have
where the logarithmic singularities arise from the residues of the integrand at α 1,4 = α 3,4 = 0. Dividing by the tree-level result,
where the dots stand for terms that are subleading in the consecutive light-like limit, we find
Therefore, we conclude that the four-point correlation function (divided by the tree-level contribution) vanishes in the consecutive light-like limit.
We end this section with three comments.
1. We note that any four-point correlators of generic bilinear half-BPS scalar operators can be written in a unified form by using a non-renormalisation property of the stress tensor correlator. The result is given in Appendix D.
2.
We observe that the same correlation function in the background of an instanton with topological charge K > 1 and gauge group SU(N) has been evaluated in [12] in the large-N limit. We briefly review this result and discuss its light-like limit in Section 6.1.
3. Finally, we note that we have taken the light-like limit directly at the level of the integrand of a Mellin integral. This circumvents the problem of having to analytically continue an explicit expression to the correct analytic region (from Euclidean to Lorentzian signature). We also mention that we confirmed the correctness of the procedure followed here by taking the limit on the integrated expression of [32] .
Five-point correlation function
In this section we wish to describe one-instanton corrections to higher-point correlation functions of lowest (dimension-two) CPO's. Such quantities have not been explicitly considered before, and belong to the broad class of non-minimal correlators [22] . The reason behind this name is that, unlike the four-point case studied in the previous section, not all of the scalar fields absorb geometric (exact) fermionic zero-modes. Hence, for SU(2) gauge group, the novel complication is that the remaining scalar fields have to be Wick-contracted with a scalar propagator in the background of the instanton, which was discussed in detail in Section 2. For N > 2, some scalar fields may absorb non-geometric (non-exact) fermionic zero-modes.
In this section we will focus on the first non-trivial example, namely that of the fivepoint correlation function
which receives contributions from diagrams which involve a single Wick-contraction between X/X or Z/Z while all remaining fields absorb the fermionic zero-modes. For definiteness we focus on the diagram depicted in Figure 1 . To leading order in the semiclassical approximation we replace eight of the scalar fields by their classical solutions in the instanton background,
while the the remaining two fields are contracted with a scalar propagator in the oneinstanton background.
Denoting this contribution as G 51 (x i ), we have
To further simplify the result, we apply the Fierz identity
to find The final result can be expanded in terms of the traces with different numbers of σ's. Doing so, we obtain 
where the functions H 51; 3 and Ω a 5,1;3 are defined as
We would like to stress the interesting fact that these two expressions are independent of the instanton moduli ρ, x 0 , and hence in (4.5) we can take these terms outside the integral.
In fact this property holds for all diagrams, and also for n > 5 points, as discussed in the next section.
Next, we focus on the non-trivial integral we have to perform in (4.6), namely
As we discussed earlier the propagator G ab (x 5 , x 1 ) can be decomposed as
where G (0) , . . . , G (2) are defined in (2.7), (2.9) and (2.11), respectively. Correspondingly, there will be four contributions to G ab (x 5 , x 1 ),
where each term in the sum is given by
and we have defined
The coefficients c free , c 0 , c µ 1 and c µν 2 can easily be read off from (2.6), (2.7), (2.9) and (2.11); in the following we will not need their explicit expressions. In the last line of (4.12) we made use of the fact, as in the four-point case, that such AdS 5 contact-term integrals can naturally be expressed as Mellin integrals.
The integral in (4.12) is a five-point contact term in AdS 5 , and we now focus on its evaluation. Firstly, note that the α i,j have to satisfy the constraints j α i,j = ∆ i . We find it convenient to express the five non-consecutive α i,j variables in terms of the five consecutive ones, α i,i+1 . Doing so we get
Note the indices of ∆ i,i+2 are defined by mod n = 5, and for the case we are considering, ∆ i,i+2 ≥ 0. Taking the constraints into account,
where the cross-ratios u i,j are defined as
This is the result for the contribution to the five-point correlation function where X(x 1 ) andX(x 5 ) are contracted by a scalar propagator in the one-instanton background. One can similarly obtain the remaining terms where one Wick-contracts Z(
) and Z(x 5 ) (along with other possible nonconsecutive contractions). The corresponding contributions to the correlation function can all be expressed as a sum of contact terms in AdS 5 with possible derivatives acting on boundary points where two operators are contracted by the propagator. We will not list the detailed expressions here, instead we turn to the study of the behaviour of the integral (4.15) under consecutive light-like limit, in order to determine how the correlation function behaves in this limit.
In order to perform the various α i,i+1 integrations we wish to close the corresponding contours and employ the residue theorem. Since u i−1,i+1 → 0 in the consecutive lightlike limit under consideration, the contours should be closed on the left, namely for Re(α i,i+1 ) → −∞. We begin by considering the α 1,2 integration. Inspecting the arguments of the various Γ-functions in (4.15), and taking into account (4.15), we see that there are four possible contributions: one from Γ(α 1,2 ), and the remaining three from Γ(α 1,3 ), Γ(α 5,2 ) and Γ(α 3,5 ).
To begin with, we note that Γ(α 3,5 ) has simple poles for α 3,5 = −n, for non-negative integer n. In turn this implies 16) and the corresponding leading residue (for n = 0) is proportional to
in the consecutive light-like limit, since ∆ 3,5 > 0 and Re(α i,i+1 ) ≤ 0. Similarly, the contributions from Γ(α 1,3 ) and Γ(α 2,5 ) are also suppressed in the consecutive light-like limit. We conclude that, in this limit, the only surviving contribution from the α 1,2 integration arises from the poles of Γ(α 1,2 ). The corresponding leading contribution arises from picking the pole of Γ(α 1,2 ) at α 1,2 = 0, which amounts to taking the integrand, removing Γ(α 1,2 ) and setting α 1,2 = 0. A similar analysis can then be performed for the α 4,5 and α 1,5 integrations.
Performing the α 1,2 , α 4,5 and α 1,5 integrals, we are left with the following Mellin-Barnes integral,
How we pick the poles in this expression will now depend on the particular term on the right-hand side of (4.10) we are looking at.
To begin with, we consider I
51 . For this term we have ∆ 4,1 > 0 and ∆ 5,2 > 0, hence the leading contribution arises from the simple poles of the Γ(α 2,3 ) and Γ(α 3,4 ) functions.
Taking the residues, we arrive at the following simple result,
In the consecutive light-like limit no singularity appears in the final integration.
Next we consider the other integrals, for which we have ∆ 4,1 = ∆ 5,2 = 0. In these cases, similarly to the four-point correlation function, double poles are generated from Γ 2 (α 2,3 ) and Γ 2 (α 3, 4 ). Picking the residues at α 23 = 0 and α 34 = 0, we find
Hence, at most logarithmic singularities appear in the consecutive light-like limit, just as in the case of the four-point correlation function. The fact that we have differential operators acting on x 5 and x 1 cannot change this behaviour, since u 1,3 ∼ x 2 2,3 and u 2,4 ∼ x 2 3,4 , namely they do not contain any x 2 i,j in the set {x 2 4,5 , x 2 5,1 , x 2 1,2 }. In conclusion, we have found that the five-point correlator under consideration does not contain the singular prefactor Π 5 i=1 1/x 2 i,i+1 . Hence, the ratio of the one-instanton contribution to this correlator and the corresponding tree-level correlator vanishes in the consecutive light-like limit. A similar analysis applies to all other contractions, with the same conclusion. Summarising, 20) in the consecutive light-like limit x 2 i,i+1 → 0.
General correlation functions
We will now generalise the above analysis for four-and five-point correlation functions of lowest CPO's to the general correlators G 2m and G 2m+1 defined earlier. . , x n . The diagram on the right is the corresponding Witten diagram, where the dashed straight lines denote bulk-to-boundary propagators, which may or may not be present. In addition there may be differential operators acting on the boundary points x 4 , . . . , x n .
Example with a particular contraction
Before discussing the general case, let us begin with a special contribution to the correlation function namely the "connected consecutive contraction" depicted in the diagram on the left of Figure 2 . To be concrete, let us consider the case where the contracted operators are Tr(Z 2 )(x 4 ), Tr(Z 2 )(x 5 ), . . . , Tr(Z 2 )(x n ), while the operators left un-contracted are Tr(Z 2 )(x 1 ), Tr(Z 2 )(x 2 ) and Tr(Z 2 )(x 3 ). It is straightforward to obtain the result for this particular contraction,
where we have defined a string of scalar propagators in the one-instanton background
As emphasised previously, a key observation is that the integration variables, ρ and x 0 , only appear inG ab and in the instanton profile f (x i ), which are all in the form of bulkto-boundary propagator in AdS 5 .
As indicated in Figure 2 , for each contribution to a correlation function, there is a corresponding Witten diagram. In the case we are considering, the correlation function can be schematically written as a sum of terms of the following form,
where ∆ 1 = ∆ 2 = ∆ 3 = 4, while other ∆ i 's depend on the choice of n i = 0 or 1.
First of all, except for i = 4 and i = n, some ∂ n i i K ∆ i (x i ; z)'s could well be absent, since the propagator in the instanton background contains the free propagator. If they are present, we have ∆ i = ǫ when n i = 1, otherwise ∆ i = 1. In the case of ∆ i = ǫ, there must be a differential operator acting on the corresponding boundary point. Similarly we find that the conformal dimensions ∆ 4 and ∆ n can be 2 or 3. The details can be extracted straightforwardly from the terms G (0) , G (1) and G (2) in (2.6) . For instance, one contribution arises from selecting the free propagator from the full propagator in the instanton background, in which case the integral reduces to
Note that this integral is nothing but one particular contribution to the five-point correlator studied earlier. Apparently the complexity increases when more propagators in the instanton background are included. However no matter what they are, since they are contact terms in AdS space, the final integral in Mellin space is rather simple and takes the following universal form
We remind the reader that we have introduced a regulator ǫ for the propagators with zero conformal dimension, which can be set to zero after performing the appropriate derivatives.
Arbitrary contractions
The above result can be generalised to describe all possible contractions contributing to an arbitrary correlation function. In order to saturate the 16 fermionic zero-modes, one can clearly leave at most four operators uncontracted. This case appears starting from n = 6 points, and corresponds to having n − 4 operators contracted independently of the remaining four operators absorbing the zero-modes. This is what one would call a "disconnected" diagram since the propagators form a closed loop. However, because of the integration over moduli space, the diagram is not truly disconnected. Nevertheless, since the contractions in the "disconnected" diagram do not mirror the contraction of the corresponding tree-level diagram, it is suppressed in the consecutive light-like limit.
One can also contract more operators, as illustrated in Figure 3 , where we show all other possible consecutive contractions as well as the "disconnected" diagram.
I I I I Figure 3 : Here we show the various possible contractions for a generic higher-point correlation function, in addition to the consecutive contraction shown in Figure 2 .
Still working with SU(2) gauge group and k = 1, the various contractions discussed above give rise to the following fermionic integrals:
, In summary, we have found that correlation functions of CPO's can be expressed in terms of the functions appearing in (5.5), the propagators in the instanton background and the instanton profile functions f (x i )'s.
It would be a highly non-trivial task to work out precisely how the correlation functions depend on these quantities, similarly to what we did for the simple case of consecutive contractions (5.1). However there is an important point that our analysis shows: the functions H pq;mn and Ω a p,q;mn are independent of the instanton moduli x 0 and ρ, which only appear in the propagators and instanton profiles. This general fact can also be seen in a more direct way as follows.
The functions H pq;mn , Ω a p,q;mn and Ω ab p,q;m,n in (5.5) are particular cases of the following fermionic integral,
where in the second step we have redefined η ′ = η − (x 0 /ρ)ξ to make the x 0 independence manifest. It is also easy to see that the ρ dependence drops out since only terms with two η ′ 's and twoξ's survive the fermionic integration, or equivalently by rescalingξ integral by a factor of ρ.
Because all the dependence on the moduli x 0 and ρ arises from the propagators and instanton profiles, any correlation function can be expanded in terms of the fundamental Mellin integrals
The particular conformal dimensions ∆ i and the exponents n k in (5.8) will depend on which particular contribution one picks in the expression for the scalar propagator (2.6). For instance, the simplest case is when only the free propagator part is taken from the scalar propagator in an instanton background. The corresponding integral is then (see the first diagram in Figure 3 )
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With the help of Mellin integrals, we can determine explicitly how a general correlation function behaves under the consecutive light-like limit, as we will discuss in the following section.
Mellin integrals in the light-like limit
The previous discussion shows that any correlation function can be written as a sum of contact terms (and their derivatives) in AdS 5 . In this section we wish to study the behaviour of the Mellin integrals in the consecutive light-like limit, also in view of a possible extension of the correlator/Wilson loop duality at the nonperturbative level. To this end, we will study the consecutive light-like limit of the following general integral,
Before solving the constraints, there are n(n−1)/2 α i,j integration variables. For n > 5, we can always solve n non-consecutive α k,l 's in terms of n consecutive α i,i+1 's and n(n − 5)/2 non-consecutive α p,q 's. After the constrains are solved, we are left with an integral of the form
where we have separated the integration into consecutive α i,i+1 and the n(n − 5)/2 nonconsecutive α p,q variables.
It is easy to see that the leading contributions as x 2 i,i+1 → 0 comes from the poles at α i,i+1 = 0, since the contours are closed at Re(α i,i+1 ) → −∞. There can be possible higher-order poles coming from multiple Γ functions, as we have seen in the examples of four-point and five-point cases, with logarithmic divergence arising from double poles. This is the strongest singularity that can be generated from our Mellin integral. For higher-point contact terms, taking α i,i+1 → 0 would not lead to any higher-order poles, which means that for those cases, at leading order, we can simply remove Γ(α i,i+1 ) and set all α i,i+1 = 0. The result is given by
Note that (5.11) is independent of any consecutive distance x 2 i,i+1 and the α k,l are linear functions of the conformal dimensions ∆ i , and of the α i,i+1 and α p,q .
It is now clear that we may have 1/x 2 i,i+1 singularities from the propagators contracting operators as well as logarithmic singularities from lower-point (four-and five-point) contact terms in AdS 5 . Essentially any scalar fields which are not contracted by propagators do not generate the required 1/x 2 i,i+1 singularity. However those scalar fields are necessary in order to soak up the sixteen fermionic zero-modes. In conclusion, for the correlation function under investigation, there is no way to generate the required 1/x 2 i,i+1 singularities for all i, and hence, the ratio of the instanton correlation function with its tree-level counterpart vanishes in the consecutive light-like limit viz.
6 Charge-k instantons with SU (N ) gauge group
In this section we consider correlation functions of lowest CPO's in a multi-instanton background with SU(N) gauge group. Multi-instanton calculus is notoriously difficult for generic correlation functions. However, in order to make contact with the expectation value of light-like Wilson loops and, potentially, MHV amplitudes, we are mainly interested in the consecutive light-like limit of the correlation function.
Four-point correlation function
Let us begin with the generalisation of the results obtained for SU(2) to SU(N) gauge group while initially focusing on the one-instanton sector. Besides the position x 0 and size ρ, in order to fully characterise the bosonic coordinates ("moduli") of the instanton, we now also need an additional set of variables, w uα andwα u (where u = 1, . . . N is a colour index andα = 1, 2 is a spinor index), to parameterise the SU(2) colour orientations and the embedding of the instanton solution in SU(N). As far as fermionic coordinates are concerned, in addition to 16 geometric zero-modes, η A andξ A , as in the case of SU(2), we now also have 8N − 16 extra non-geometric zero-modes, which can be expressed in terms of 8N variables ν A u andν Au constrained by the relations wα u ν A u = 0 , w uαν Au = 0 . (6.1)
Non-geometric zero-modes, which are present only for N > 2, are different in nature compared to the geometric ones, in particular they are lifted and appear explicitly in the instanton action [12] ,
F AB , the source of lifting non-geometric zero-modes ν A u andν Au , is defined as
where in the last term we have indicated explicitly that F AB is in the 6 representation of SU(4).
Hence, in the case of SU(N) the classical profile for an operator O in the multiinstanton background generically contains both geometric zero-modes (encoded into the combination ζ(x) introduced in (3.3)) and non-geometric zero-modes ν andν. For the operator we are interested in, the schematic zero-mode structure is given by [22] 
where only the symmetric combination (νν) 10 =ν Au ν B u +ν Bu ν A u appears. This plays an important role in the large-N counting. As pointed out in [22] , in the large-N limit (νν) 10 only contributes a factor of g YM , whereas (νν) 6 contributes a factor of g YM N 1/2 .
With this set-up, an n-point correlation function of operators O i in the semiclassical approximation takes the form
where some operators O i have to be replaced by their classical instanton profile O (0) i in order to saturate fermionic zero-modes, while all the others may be contracted using the propagator in the background of instantons as in the case of SU (2) . The physical measure is given by
The generalisation of the one-instanton analysis to the k-instanton was carried out in [12] and requires the full machinery of the ADHM construction [33] . For arbitrary n, even in N = 4 SYM the general results in the k-instanton background are not particularly enlightening. However it has been shown in [12] that in the large-N limit and for the cases of the minimal correlation functions (such as four-point scalar correlation function we considered previously), the profile of the operator in the k-instanton background is simply proportional to the one-instanton expression [12] ,
since, roughly speaking, at large N the dominant contribution comes from k one-instanton configurations residing in k mutually commuting SU(2) factors inside SU(N), all with the same size and centre. Consequently, in the large-N limit, the space-time dependence of a four-point correlation function in the k-instanton background is fully captured by the one-instanton result, namely
which then also vanishes in the light-like limit after dividing by the corresponding treelevel correlation function.
General correlation functions
As we have seen in earlier sections, in a generic correlation function the 16 geometric zeromodes have to be absorbed by some of the scalar fields in the correlator. This is because the N = 4 SYM action evaluated on an instanton background does not depend on these geometric zero-modes and hence cannot absorb them. As for the remaining 8Nk − 16 non-geometric zero-modes, they can be saturated in two ways: either by explicit operator insertions or by the N = 4 SYM action.
As we mentioned earlier the O 20 ′ operator only depends on non-geometric zero-modes through (νν) 10 . Hence, operator insertions do not give rise to any factor of N in the large-N limit, and are therefore equally important for the large-N counting. However, it is easy to check that the first possibility does not give rise to any 1/(x−y) 2 -like singularity in the consecutive light-like limit we are considering. Hence, all non-geometric zero-modes have to be absorbed by the N = 4 SYM action. As a consequence, all the remaining scalar fields have to be contracted using the propagator G(x, y), which contains a 1/(x − y) 2 singularity.
The scalar field propagator in a multi-instanton background G(x, y) for arbitrary N and k has the form
where the dots stand for terms without 1/(x − y) 2 singularity, and U(x) is a complex (2k + N) × N ADHM matrix defined e.g. in [12, 32, 35, 36] . It is the SU(N) generalisation of the matrix u(x) introduced in Section 2. The contractions are not different from the case of SU(2) and k = 1 we have discussed in detail. As shown in Figure 2 and Figure  3 , there are always scalar fields left over to absorb the 16 geometric zero-modes. In the semiclassical approximation, these scalar fields will again be replaced by their classical solutions in the background of a charge-k instanton. Two scalar fields at points, say x and y, as well as propagators possibly connecting them from both sides certainly do not generate any singularity by taking the light-like limit (x − y) 2 → 0.
As we learned from the case of SU(2) and k = 1, we do not expect that 1/(x − y) 2 -like singularities will be generated by the integration over ρ and x 0 , although we are not able to show this explicitly without knowing the detailed structure of the propagator G(x, y) and of the profiles of the scalar fields. However, one can always consider the correlation function as a series expansion in (x − y) µ , as we will show in the following. In the case of the five-point correlator, the first term of the expansion is simply given by free propagators multiplying a four-point correlator, which is ultimately related to the four-point correlator for SU(2) gauge group and k = 1 as we discussed in Section 6.1. This confirms our general expectation that the ratio of a correlator evaluated in an instanton background for any N and k, and the corresponding tree-level correlator, vanishes in the consecutive light-like limit, just as in the case of SU(2) and k = 1.
For concreteness, we consider the contraction shown in Figure 1 , which is explicitly given by
This expression can be expanded as a series in (x 1 −x 5 ) µ . The numerator in the propagator becomes
where the dots stand for higher-order terms in (x−y) µ . The leading term in this expansion is simply
since U † (x)U(x) = 1, which gives the free propagator.
The corresponding contribution is simply
where we have used that Z a 0 (
Note that (6.14) is precisely the four-point correlation function which, as discussed in the previous section, is simply proportional to the same correlator for gauge group SU(2) and k = 1.
Note that for some of the contractions, for instance that ofZ(x 2 ) with Z(x 3 ), a new type of operator insertion appears, namely Tr(ZZ), which is no longer half BPS. However, we note that operators such as Tr(ZZ) may be decomposed into two half-BPS operators plus the Konishi operator, However it is straightforward to show that the Konishi operator vanishes when the scalar fields get replaced by the zero-modes [34] ,
In other words, the Konishi operator does not contribute to the correlation function in the instanton background.
Summarising, we have learnt that every propagator in an instanton background has a leading term with the appropriate 1/x 2 i,i+1 singularity, which would survive the division of the instanton correlator by the corresponding tree-level correlator. However, in order to absorb the 16 geometric fermionic zero-modes, there must also be some scalar fields that are not contracted and that are replaced by the appropriate classical solution in the instanton background. Precisely the insertion of such classical solutions fails to produce the required 1/x 2 i,i+1 singularities. We confirmed this by considering the simplest case, namely the five-point correlator. Expanding in powers of (x − y) µ we have found that the non-minimal correlator reduces to a minimal one, which is in turn proportional to the correlator in the background of one SU(2) instanton.
Discussion
In this section we would like to address a number of conceptual and practical issues. To begin with, we will discuss the possibility of a non-perturbative extension of the duality between correlation functions and polygonal Wilson loops in the light-like limit. Because of the amplitude/Wilson loop duality, it is then interesting to consider instanton corrections to amplitudes, as computed directly by LSZ reduction. We will then move on to consider some important practical issues related to the role of higher-order perturbative corrections to the instanton result, in particular discussing whether these corrections may change our conclusions significantly.
On a possible non-perturbative duality with Wilson loops in the light-like limit
It was shown in [4] that in the consecutive light-like limit x 2 i,i+1 → 0, the correlation function of n CPO's is dual to a polygonal Wilson loop with n light-like edges, C n . This was supported by calculations done in perturbation theory up to two loops. Remarkably, the perturbative duality discovered in [4] holds even outside the large-N limit, the precise statement being that lim
where
Here d R is the dimension of the representation R and x µ (τ ) parameterises the loop C.
Since this duality holds to all orders in perturbation theory for any N, it is tempting to propose that it should also survive non-perturbative, instanton corrections, and in this paper we have started addressing this issue by considering the pairwise light-like limit of the instanton contribution to correlation functions, limiting ourselves mostly to gauge group SU(2), with a brief excursus to SU(N) in the large-N limit.
Finding a convincing general proof of this conjecture is a hard task at present. The technical reason behind this is the treatment of the fermionic zero-modes -particularly on the Wilson loop side. The four-point correlation function/four-edged Wilson loop contains all the main technical difficulties and we will briefly discuss this now.
To begin with, we observe that the instanton contribution to (7.2) vanishes to lowest order in the coupling constant since fermionic zero-modes would not be saturated. Following the procedure of [10, 12] , one can generate solutions to the equations of motion in the background of an instanton by applying iteratively supersymmetry transformations to the starting configuration A = A inst , with all the other fields being equal to zero. 11 At the fourth iteration, the gauge field is modified by the addition of a quartic term A (4) in the fermionic zero-modes, A → A inst + A (4) . For instanton number k = 1 and gauge group SU(2) there are 16 fermionic zero-modes, and one would have to compute the expectation value (schematically)
where dots represent other possible configurations which also saturate 16 fermionic zeromodes. It would be a rather difficult task to evaluate explicitly the above expectation value, since the form of A (4) and beyond is currently not known. On the other hand, assuming the correlation function/Wilson loop duality allows us to make the prediction that the instanton correction to the expectation value of a Wilson loop with light-like polygonal contour should vanish, at least at the lowest order we are considering.
A word of caution should be added at this point, as the very definition of a lightlike Wilson loop seems to clash with the Euclidean signature needed in order to define instantons, where the condition x 2 i,i+1 → 0 implies that x i → x i+1 . There is however an operative way to define the limit, namely we specify the light-like contour only after analytically continuing the Green function back to Minkowski space, as we do for the correlation functions. Focusing on the terms discussed above, we perform the computation of A (4) (x a )A (4) (x b )A (4) (x c )A (4) (x d ) in Euclidean space for arbitrary x a , . . . , x d , then continue the result back to Minkowski space, and finally perform the integrations over x a (τ a ), . . . , x d (τ d ) along the prescribed light-like contour where, for instance, x a (τ ) = x a + τ (x b − x a ), with (x a − x b ) 2 = 0, with τ ∈ (0, 1).
Direct calculation of amplitudes via LSZ reduction
In principle, the vanishing of instanton corrections to the MHV amplitudes can be checked straightforwardly by a direct computation making use of LSZ reduction formula. To apply LSZ reduction in order to calculate instanton corrections to scattering amplitudes in the MHV sector, we first need to compute a correlation function of fundamental fields, for instance
(7.4)
Then, after continuing back to Minkowski signature and amputating the external legs, the above correlation function would be related to an n-point scattering amplitude with two negative gluons and n−2 positive gluons, A(1 − , 2 − , 3 + , 4 + , . . . , n + ). Clearly the correlator (7.4) can only absorb 8 geometric fermionic zero-modes, which leads to the conclusion that instanton corrections to MHV amplitudes in N = 4 SYM vanish. However, the application of the LSZ reduction formula to instanton correlation functions is rather subtle due to the presence of infrared divergences, and will be considered in another publication [19] .
Higher-order corrections to the super-instanton
So far we have only considered the instanton contributions to correlation functions of CPO's at lowest order in the Yang-Mills coupling g YM , and we will now discuss possible higher-order contributions.
A field configuration with just the gauge instanton turned on and all other fields being zero is a solution to the equations of motion, but there exist more general solutions where other fields are turned on as well. In particular, one can build the corrections to the various field components via an iterative procedure in the number of Grassmann variables. This procedure, which we have used in this paper, produces a solution of the schematic form A = A (0) + A (4) + · · · , λ = λ (1) + λ (5) + · · · , φ = φ (2) + φ (6) + · · · , λ =λ (3) +λ (7) + · · · , (7.5)
where A (0) is the instanton, λ (1) are the fermionic zero-modes and the fields A (n) , λ (n) ,λ (n) , φ (n) with n > 1 contain n fermionic zero-modes. These higher-order terms are created iteratively due to the fact that lower-order terms produce source terms in the equations of motion. An important example heavily used in our work is φ (2) whose explicit form can be found in (3.2) and which arises from source terms that are bilinear in λ (1) . The pattern in (7.5) shows that a new term appears for each field after every four iterations and this extra term is suppressed by an additional power of g 2 YM . One important question is whether the various corrections to the lowest-order superinstanton {A (0) , λ (1) , φ (2) ,λ (3) } are relevant for the calculation of correlation functions. This issue was studied in [22, 23] , with the following basic conclusion: higher-order corrections to fundamental fields are relevant and non-vanishing, although suppressed by extra powers of g 2 YM . Once combined into gauge-invariant composite operators, only terms with a particular structure in the fermionic zero-modes survive. In these terms, the supersymmetric and superconformal zero-modes always appear combined into the quantity ζ(x) introduced earlier in (3.3), unlike in the fundamental fields. The non-geometric zeromodes can appear in these operators only in pairs and the maximum number of such pairs is 4N − 8. However, in order to explore this question further would require the construction of the higher-order terms appearing in (7.5).
Instanton contributions to anomalous dimensions
In [23] , the question as to whether composite operators O may receive instanton corrections to their anomalous dimensions was re-examined, by carefully studying the zero-mode structure of the two-point function O(x)O † (0) . The main result of that paper is that only terms in the expansion of O in Grassmann coordinates which have the structure 4 A=1 ζ A (x) 2 contribute to the correlation function, and hence to the anomalous dimension. The remaining zero-modes can appear in any way.
In [23] a number of single-and multi-trace operators were studied, with the result that only multi-trace operators can receive instanton corrections to their anomalous dimensions. This includes both multi-trace operators built out of single-trace operators belonging to half-BPS multiplets, as well as long multiplets. Note in particular that the Konishi operator has vanishing instanton corrections, as already discussed in [34] , at least to leading order in g 2 YM .
It is an open question to establish whether higher-order corrections in g YM , notably related to the use of the iterated solution φ (6) , may change this conclusion. 12 Finally, we note that such considerations would extend also to twist-two operators and imply the absence of instanton corrections to the dimensions of such operators, in agreement with [15] which found non-perturbative corrections to the cusp anomalous dimension at strong coupling which however cannot be explained in terms of instantons, as already mentioned in the Introduction. The absence of instanton corrections to the cusp anomalous dimension in turn lends some indirect support to the conjecture that instanton corrections to MHV amplitudes and light-like Wilson loops in N = 4 SYM vanish, since the cusp anomalous dimension governs the universal infrared/short-distance divergences of scattering amplitudes/Wilson loops.
Conclusions
In this paper we have considered instanton corrections to the large class of non-minimal correlation functions of lowest CPO's, and we have further discussed the consecutive light-like limit of such correlators. This allows us to make the first attempt at addressing general questions regarding instanton contributions to the expectation values of light-like Wilson loops as well as to scattering amplitudes in N = 4 SYM.
By identifying an intriguing relation between such correlation functions and contact terms in AdS space, we were able to express those correlators, for the case of SU(2) gauge group and instanton number k = 1, in terms of a simple universal Mellin integral,
possibly with some derivatives acting on boundary points. Armed with this representation of the correlators, we have shown generally that the ratios of instanton corrections to correlation functions of lowest CPO's with the corresponding tree-level correlators vanish in the consecutive light-like limit, at least at the lowest order in the Yang-Mills coupling g YM . Assuming the validity of the correlator/Wilson loop duality, this in turn implies the vanishing of instanton contributions to the expectation value of the light-like, polygonal Wilson loops.
To make contact with MHV amplitudes, which are dual to correlation functions in the light-like limit only at large N, we further discussed the possible extension of our results to SU(N) gauge group with arbitrary instanton number k in the large-N limit. A key lesson we extracted from the SU(2), k = 1 instanton case is that in order to absorb the 16 geometric fermionic zero-modes, one needs to replace 8 scalars by their classical solutions in the instanton background. However, the integration of the resulting integrand over the instanton moduli space does not give rise to 1/(x − y) 2 -like singularities, unlike conventional Wick contractions. Therefore, the ratio of the instanton correction of the correlator and the corresponding tree-level correlator vanishes in the consecutive light-like limit.
Furthermore, using results of [12] , we showed that the four-point correlator with multiinstanton corrections in the large-N limit has exactly the same space-time dependence as the correlator in the one-instanton background. We believe that this and further observations made in Section 6 provide strong evidence that the ratio of correlators in SU(N) multi-instanton backgrounds and their tree-level counterparts vanish in the consecutive light-like limit, at least at leading order in g YM . This result would lead us to conclude that MHV amplitudes in N = 4 SYM do not receive instanton corrections if the correlator/amplitude duality holds beyond the perturbative level (i.e. in the planar limit and in each instanton sector separately).
It would be of great interest to understand if the existing perturbative proof of the correlator/Wilson loop duality [4] , which does not rely on any large-N limit, can be extended to include non-perturbative/instanton effects. As we mentioned, this seems to be a difficult task and is outside the scope of this paper. However we have emphasised that the vanishing of instanton corrections to MHV amplitudes and light-like Wilson loops is indirectly supported by the known fact that Konishi-like operators do not receive instanton corrections. The same should also be true for higher-spin operators associated to string states. Those facts suggest that there are no instanton corrections to the cusp anomalous dimension, which enters the results of light-like Wilson loops and scattering amplitudes. In a separate publication we will report on the direct calculation of the instanton contribution to scattering amplitudes in N = 4 SYM using the LSZ reduction [19] .
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A σ-matrix and spinor conventions Here we summarise our conventions.
Definitions of σ matrices and ǫ symbols σ µ = (½ 2 , iσ a ),σ µ = (½ 2 , −iσ a ), ε 12 = ε 21 = 1 .
(A.1)
Note that using these conventions we are setting
It is useful to remember the basic identity We also define σ µν = iη aµν σ a ,σ µν = iη aµνσ a .
(A.8)
With these definitions, η andη are self-dual and anti self-dual, respectively. Likewise, σ µν (σ µν ) is (anti) self-dual. Basic identities for Grassmann spinors ψ α = ε αβ ψ β , ψ α = ε αβ ψ β , ψχ = ψ α χ α = −ψ α χ α = χ α ψ α = χψ , ψα = εαβψβ,ψα = εαβψβ,ψχ =ψαχα = −ψαχα =χαψα =χψ .
Basic identities for σ matrices
Additional useful identities for Grassmann spinors
B Instanton paraphernalia
The instanton gauge connection can be efficiently expressed using the ADHM construction [33] (for reviews see for instance [35, 36, 32] ). It is given by the following expression:
where, for gauge group SU(2), u is a (k + 1) × 1 matrix with quaternionic entries which are determined in the following way. One introduces a (k + 1) × k quaternionic matrix that is linear in x := x µ σ µ , ∆ = a + b x . In other words, u defines an orthonormal basis of Ker ∆ † . The condition that F µν is self-dual is imposed by the further requirement that ∆ obeys
where f is a k × k real matrix.
Next we briefly discuss the symmetries of the ADHM construction. Gauge symmetry is realised as right-multiplication of the matrix u by a unitary quaternion V , u → uV . Indeed, under this transformation
Besides gauge symmetry, we still have the freedom to transform ∆ as
with Q ∈ Sp(k + 1) and R ∈ GL(k, R). These symmetries can be used to simplify the expression of a and b. Specifically, b can be put in "canonical form",
In this way, all instanton moduli will appear in the matrix a. For instanton number k = 1 we choose a to be of the form
Physically, |q| := ρ describes the instanton size and q/|q| its orientation in colour space.
x 0 corresponds to the position of the instanton centre.
The matrix u defining the gauge connection corresponding to the choices of a and b given above is, up to a gauge transformation,
A short calculation leads to the explicit form of A, given by
This is often called the instanton in the non-singular gauge. Finally we can derive the explicit form of the curvature, which is given, for any k, by the compact formula [37] F (0) µν = 2(u † bf σ µν b † u) . (B.13)
Note that (B.13) is manifestly self-dual and gauge covariant. For k = 1 and for our choice of u we obtain
(B.14)
C Embedding space formalism
In order to study correlation functions in CFT, and Witten diagrams in the context of AdS/CFT correspondence, it is often convenient to consider the embedding space formalism, which has the advantage of making conformal symmetry manifest. In the following we briefly review key facts about this formalism.
C.1 Generalities
In the embedding space formalism, d-dimensional conformal symmetry is realised as an isometry of M d+2 , namely SO(d, 2), for more details see for instance [38] [39] [40] [41] [27] [28] [29] . It is an embedding space for AdS d+1 with metric ds 2 = −dX + dX − + δ m,n dx m dx n . (C.1)
AdS d+1 bulk coordinate X and boundary coordinates P can be parameterised as
where we have set AdS radius R = 1. Thus we get 13
Furthermore we can write the following useful relations between usual d-dimensional coordinates and the embedding space coordinates:
To go from (d + 2)-dimensional tensors to d-dimensional ones, we need a pull-back 
C.2 Propagators in embedding space and Mellin integrals
In the embedding space formalism, a bulk-to-boundary propagator of a field with conformal dimension ∆ can be written as
where the bulk coordinate X and the boundary coordinate P are defined in (C.2). It is then straightforward to see that
(C.8)
In some of the instanton calculations performed earlier, we have encountered derivatives acting on objects such as log K 1 (x; z) . In the embedding space, this quantity is expressed as ∂ x µ log(K 1 (x; z)) = 2v A (P ) µ X A −2(P · X) = 2v A µ (P )X A +∞ 0 dt t t e 2tP ·X (C.9)
where v A (P ) µ is a pull-back, see (C.5). To give meaning to this otherwise ill-defined integral, we have added a small positive exponent ǫ to the 1/t term in order to regulate the integration. At the end of the calculation we are free to take the limit ǫ → 0.
C.3 Generic tree diagrams in supergravity
Generic tree-level Witten diagrams in the scalar sector can be computed by using the socalled Feynman rules in Mellin space [28] [29] [30] . The case of interest to us is essentially the simplest Witten diagram, namely a contact term without any bulk-to-bulk propagators,
i<j P −α i,j ij Γ(α i,j ) , (C.10)
where h = d/2 and we have applied Symanzik's star formula reviewed below, in order to obtain the final result. c is a small positive number that specifies the integration contour, and the measure [dα] indicates integration over the n(n − 3)/2 independent variables which are left after solving 2n constrains for the n(n + 1)/2 symmetric α i,j variables. The constrains are
So we have,
[dα] = dα 1,2 2πi dα 1,3 2πi · · · , (C.12) for any n(n − 3)/2 independent α i,j 's.
Finally, we quote here for completeness Symanzik's star formula [42] : where Y I are auxiliary SO(6) harmonic null variables, with Y I Y I = 0 [43] . We are interested in the four-point correlation function in the one-instanton background, which is given by and Y i · Y j := y 2 ij . Remarkably, R(1, 2, 3, 4) has S 4 permutation symmetry, which implies that the Mellin integral with the prefactor 1/(x 2 1,3 x 2 2,4 ) enjoys the same S 4 symmetry, which is straightforward to check. The fact that the four-point correlators G 1−inst (x i , Y i ) can be written in this compact form is guaranteed by a partial non-renormalisation theorem of the stress-tensor multiplet correlation functions [45] .
